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THE N / G/ l  QUEUE WITH INS TA NTANE OU S ,

BERNOULLI FEEDBACK

1.0 I n t r o d u c t i o n .  In t h i n  paper  we ar e  concerned  w i t h  sevcr : l  I random pro-

ce sses that  occur  w i t h  in t he  c l a s s  01 N / C / I  q i l e l l e n  w i t h  I f l n t a f l t 1 i n e o c l n  feed-

ba ck  in  w h i c h  t he  i c - d b a c - k  dec  1 sion p r 1 ne s s  is a Ce r f l ou  I I I  p r o c e s s  . Such

sys tems  in the  case C=M are the  s i m p l e s t , 01 1 1 — t r i v i a  e xam p l e s  of Jackson

ne tworks  [ 5 ] .  Indeed , they  ar e  so s imple t h a t  t h ey  ~re usua ll y d i s m i s s e d

f r o m  c o n s i d e r a t i o n  in queue j o g  n e t w o r k  theory  as b e i n g  obvious . We w i l l  ~ii ~~

t h a t  f a r  f r o m  be ing  obv ious  t hey  e x h i b i t  some i m p o r t a n t , u n e x p e c t e d  p r o p e r t i e s

whose  impi  i c - u t  ions ra i se  some i n  t cr e st  in g  q I e s t  I l l s  - 1) 11 t • J ac kson ne tn - ii r k s

and t h e i r  app l i c a t i o n .

In p a r t i c u l a r , J a c k son [ 5 ]  oh i- ,r rved tb - i t i n b i n  n e t v n r k s  t I n  v e c t or

va lued  q u e u e  l e n g t h  p ro ens heIi~iv~~ I as  i I t h e  c om p o n e n t  p r e c ost s n r c  in-

depe n d e n t , N / N / i  s o L e m n  S ince  t I l i se r e n u i L L ;  a p p ear e d  t h e r e  luas  ( I l v i O p e d

1 : i ;t h o l o c ’  to e x p l a i n  t h e m . These I r l l i l m c I 1 t s  u su a l  I v  rest  ofl t h r e e  n e t S  of

re su I t s  t h a t  a re  we l l  k n o w a  i n  r andom p o i n t  p r o  en s  t h en  ry  o lpe  i pos U I Oil ,

t h i n n  i ng , and strel eli I ng . Cv e x a m i n i ng  t h e  n e t w o r k  f l i i w  • i t  W i  11 he’ shown

t h a t  t h e  a p p l  j i l t  ion  c t  t h eo c  r e s u l t s  a r c  i l i c i p r l I i r i a t  to  P~~- i n o  n e t w o r k

W i  L i i  it l st ;int ; ineot is  • He r n o i i  l i i  c c c i i i 1 . h i  r I I W O  i r e  - 0 5  i d e r ; i I I v more

( 1) 111 1) 1 c i t  c - I  t h an  i l l  xp -c  t - ;  bas e d on su c h  a r g i : l i il t 5 1101 111142 i~~ ii i I t I c

p o n d er  w h a t  t l i t  J a c k s o n  r e s u l ts  mean cc q u o  ing  n e i n e l i c  de - c ni i c i c ~~lt l o l l . — —

I . I I I I I  I’ r o b  I ( III Old Not Ii 1 ,11 . Cc lOl l  inn t lie c i  - to t  I I j I p i  r - i t n o  N / ( 1  1 q Ii 14 11

L w i  (I i un I i m l  t ed  w ;i I I I I )  c a p i  i t .  . - i  he new I d t , i  i s  l i i i  i m m  i t  nh I c l i  has  t c

_ — - -- - - - - - - -
-rn-- -
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service departs with probability q and returns for more service with pr obabil-

ity p. p+q=l. Without loss of generality for the processes studied here the

• r e t u rn in g  customer can be put anywhere in the queue .

To establish notation it is assumed that the arrival process is a

Poisson process with parameter X>0 . The arrival epochs are the elements of

{T : n=i ,2,. . .}. Se rvice times are i.i.d. random variables , S withn n

Pr[S~~~ t] H(t), t~~ 0,

E[S I < ‘
~~~
.

n

The arrival process and service times are independent processes.

Service completions occur at T
O
<T

l
<TG ... called the output epochs. Let

= ~
, = (0, if the n—th output departs

n T
n •1, if the n — t h  o u t p u t  f eeds  b a c k .

{Y} is a Bernoulli process.

Elements of the subset {t }C{T I are cdlled t h e  d ep a r t u r e  e p o c h s  and  are

the times at which an output leaves the system . The elements of the s u b s et

{i lC {T} are called the feedback epochs and are t h e  t in les  I I  w h i c h  ;ln o u t p u t

r e t  ii ron to  t h e  q ue i l t  . { t } U f T  } = fT I
n n n

I h e  t i m en  1 ’ :t re t l i e  t imes  lit  WI) i ch  a cmi  t en t c  rs t he  q u e ue  . I T  • i i s
n n

r i  l i e d  t h e  i fij iut 
~~~~~~~ 

. fT ‘ I T I U { -r
- -  —- - - n n n

I h er e  ar e  six queue ’  length p r o c e s s e s  to  be n t  udied . I h c v  i r e  I l o o m - l v

r E l a t e d  as w i l l  he shown . Thus , l e t

~ ( t  ) t h e  q c l i i l e  length ( n u m b e r  i n  I l l  s y s t e m )  I I  I

Then , () ( n ) = Q ( T  — 0 ) ;  Q ( n ) = O ( T ’ — O ) ;  (~~ ( n ) c ) ( I  + I i i;  I ( n ) ~~ I I ( t  4 1 )  i m m  i c j o
n 2 - I n -* f l

_ _  _ _  ---—~~~_~~~~~~~~~ - - - - - - ..rn --- - - - -—~~~~~~—~~~~~~~~~~ - -~~~~~~~~~~~~~~~~~~~~~~ ---~~~ 
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t L ye y the  ei~h e d u e d  q cn c 1IC en;’  t 15 - t a r r  iv a l  C j 1  I - - - , i npu t  e p i l c i l s  . o u t p c i t

e p o L - i l s , de p i r t c i r e  e p o c h s .

2 . 0  QAteu e Len~~~h P rocesses .  u i 1  i I c  t i c  l e n c t i l s  1 i s t e d  in 1 . I ar c c l o s e ly

r e l a ted . The t ,~~Ic1 v s t c t e vers ions  ef  u y n )  and ~t~~ t n ) )  ar e  c c i  p r l r i ; i r v

conce rn . They a r s t u d i e d  lfl  ico  t lO f l S  2 .1 soil 2 . 2  s e p a r i t e l ’  .

a re r e l a t t i  t o  the  ot  b r  p r o  c l i lSen  ifl I - C - i ion 2 . 3 . i h e  i m p o r t a n t spec  Ni l

u se  t l ; r  C =N is tilEill s t u d i e d  in  2.-~.

2 . 1 f b i  ( 1 ) , ( n)  1 P r o c e s s . There  a Ill sc vi r a l  W~~V S I I 51  cciv t h i s  p r o c e s s

! I i t ’  :ol  l i l n i n ~’ a p p e a r s  t o  he d i r e c t , C r  r ect  a n d  1 1 1 0  l i e ]  p e x p 1 u i ~ i w I i v  t h e s e

i e e d h a c k p r o b  len in h ; i v c -  r e c c  iv c ,c l  s u c h  l i t  t I c  a t te nt  ion tO the qu eu e  ing  I I t  c r 1 —

I l i c - . i .i r s t  i t  is c I ~~~ t t h a t

t ± C ’ j f  Q± (n_ Iy O
n — I  ri 4

t =

t~~~~1 
+ I + S ’ , i f  Q~~(n-1) 0.

H e r e  S ’ is t h e  i L l  I s e r v i ce  t i l l s :  c onsumed b e t n & - c 1 l  t i l e  ( n — I  ) — s t  and fi— t Il

deii;l r ti lrc  . I in t h e  i d l e  t I mc t c i  1,1W I i n -  t • l o r  t h e  N / C f  t I c - t I c  -

n n—I  Il

1 re I . i . d . r a n d  tm v i  r I I  hi en LIl i t II ri i xp l  111 11 j ul  1 v d i l l  t r I hit t eLI w~~ t Ii p c  r.ln c - I  Cr

W i t h o u t  l o s s  c c l  ~;c . n e r i l  i t ’ ,- , s h i l l i i u st n ;e r l  ~~r -  i n d l s t i n g u i s a b l e .

a

S S . . S , fo r  v e r y  0 .
II 1 ~ 1-n -

In I S  t i l e  nu l l l h c r i l  s e r v i ce  - i , r l cr l l l . d h e t n c c t i  t o m  tl t l l  11 )1 1 ( n — i  ) — ~~ I i c  10 1 it t i u

t 5 f l ( (  I I I ii a 1 *  ~~I I l l  I I I I  ‘ i S o  • m 1 s ~‘ oi~~ t r i I 1 1 i’ di s t  r 1 1 1 1 1  t i’d a mi d  i t
Ii

c h  i n  t h a t  I S ’ I i t  I c  u ’ - n c t  0 1  i . i .d .  r in c l o m  v i r i t h i c s .  Thus  t h e  l~~~p I l c c

1 l i i ;  I c c  rI: c c i  t lie ( h i  St  I I Ii Ill i i  cli I 1 1 ) 4  I I i i  I ‘ I S  i u S  i I v t 1 c1 i n c h  I c’ In -
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G*(s) = qH * (s ) / [ l_ pH * ( s ) I .

U S in g  s t a n d a r d  embedded Markov cha in  me thods  one f i n d s  t h a t  the  p ro

h a h i l i t v  g e n e r a t i n g  f un c t  i o n  of 2 ’ tile l i m i t i n g  p r o b a h i  l i t - 1 d i s t r i b u t i o n s

o f  {0~~(n ) } , is given by

ll ’ ( 0 ) ( z _ I ) G * ( A _ ~~z)
( 2 . 1 . 1 )  g ( z )  = 

Z_ G * ( _ ) Z )

m d

f -:, (2 .1.2) f l ’ ( O )  = I — ~ E[ S ] / q .

Since  ( 2 . 1  .1) and ( 2 . 1  . 2 )  a re  of the  f o r m  one f i n d s  f o r  N / C / I  q ue u e s

w i  t h o ut  f c ~~ I h ; i c k , by p r op e r ly  a d j us t i n g  the  mean s e r v i l e  t i m e , i t  ca n be

a rgued  t h a t  t h e  queue  l e n g t h  p r o c e ss  em bedde d  a t  d e p a r t u r e  p o i n t s  f o r  c l l I e I l e s

w i  t O and  w i t h o u t  I e e i b ; m -k  ar e  a sv m pt o t  I ca l  ly  i d e n t i c a l l y  d i s t r i b u t e d . In

I ; i c t  . t h i s  r e s c i l  t i s  t r ue  f o r  a l l  n .

2.2. The f Q~~( n )  I Pr o c e s s .  T h i n  is t h e  7 11 10 ] e i l g t h l  p r c u c sc; e m b e d de d  a t

c ) l l t pilt po i n t s .  Si 11( e f t }C  ~T }  1 I l , ( )  I is a p r o c - c o n  on a I cu r se r  g r i d  t h a n

S i n c e on c is u l t i m a t e l y  t o  he c o n c e r n e d  w i t h  h o t  h i  ~ Q ( n ) I  ;inc l

1 — T I , t h e  f o l l o w i n g  s t u dy  i s  f o r  t h e  j o i n t  p r o c ess {O ( n )  , I — I  I .- _ .
~ 

n n — i  - - 3 n n — i

The  n i i r c i n a l  r c ; u l L s  i c r  {I ~~ ( n )  } t h e n w i l l  he , - ; c o v  t I  d e t e r m i n e .

l l i c . c c r c l l I  2 . .  1 .  Fl i t -  p m I as  ( Q~ ( 1 1 1 , 1 — 1  I i s  1 Murk i ly  Rc u ,w i I  Ili c i c o l
-j — ri n — I

+ 4
n i t  0 t r ui n I L i ll ) I urn L i  n u n  A (I , j , x ) 1 r  I ( I i ) = j i — F

1 
.~ x 

~~1 
(ii- I I = I I w h i r,-

__________ — — — • .—  -~



0 , j  - i — I ,

;~~ qe~~~~d H ( v ) ,  i~~0 , j = i — l ,

e~~~ [p + ( - .~Y~- ) d H ( v ) ,  j~~l , j  1 ,

A ( L , j , x )  =

x N - 
j — I  

-

I [ I - c  
- ( x  

~~~ ( j - 1 ) I  + I d H ( . ) ,  NO , j  ‘ 0 ,

f~ 
[l-e ”~

’
~~~~1 e~~~ q d f l ( v ) ,  I = j = 0.

L
F Proof

= 

S . i f  - 0

I +S , if  Q (n — i )  0
n ii 3

w h e r e  I i s  t h e  ( x ~~c c n e n t  i a l l v  d i s t r i b u t e d  i d le  t i m e  p r o c c ] i n g  S i f  u 1 i n — ] ) 0.
n n 3

l i c e  r e su l t  t h en  f o i l  WI , d i r e c t l y u s i n g  a rg umen t s  us  in [ 4

I f  x ‘ , A(i , ,x)  A (  i , j )  t he  c i i i  s t ep  t r a n s i t  I o n  pro i i ih i l l  t f m  t I c

{0 ~~( n )  I p r c ~~o .  i I i e n  u s i n g  st a n d a r d  embedded  N i r k o v  h a i t i  r i s c i l  t n  t I l c  c ii)

show t h u - i t  t h e  p r d c c b i l i i v  i ’ c n c r - c t  lu g  f u n c t i o n  g ( z )  i c r  t h e  l i m i t  l u g  t r ct h i l  i t i e -

2(j) a re  g ive n by

,
~~ 

11(0) ( z_ I f l pz H * (  *I~~Fj ~~~ - - z )  I

uic l

• 
1 ( 0 )  = q - 1 E [  S .

2 . I i l l  i c ?  li ill I t ; i ~ t I I  I’ r1 c i s n e s  . F l i c  
~h ta t tle  i c m l i Ic , I 1 111 i t  l i i i p u i i  ib ii it i c o  
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for the three queueing processes {Q
0
(t)}, {Q~ (n)}. {Q (n)} now follow from a

theorem found in Cooper [3]. From this it follows that {Q
0
(t)}; {Q

1
(n)};

{Q (n)} are asymptotically identically distributed and {Q 2
(n)}; {Q~ (n)} are

asymptotically identically distributed . Clearly, {Q (n)} and fQ~ (n)} are not

asympto tically , identically distributed .

The difference can be explained as follows . Any output must be either

a feedback or a departure , if the queue length is j after an output then

either there has been a feedback and the queue length is now j, or there has

been a departure and the queue length is now j.

Th us l I ( j ) q fl ’(j)+p(Pr(queue length after a feedback is j)). Since a

queue length of j after a feedback , and a queue length of j— l after a depar-

ture , both correspond to a queue length of j before the output , and so have

the same probabil ity

11(j) = qfl’(j) + pfl ’(j-l) j ~ 1,

11(0) = qlT ’(O).

From the above argument and Cooper ’s theorem it can be seen that the pro-

bability of j in the queue just after an input (i.e., either  a feedba ck or

and arrival), is given by fl ’(j—l).

F o r  th e M / M/ I feedback queue , wh ere

il ’ ( j - l )  ( I  - 
A ) (  A j - i  

, j = 1 .2 
i~q lI q

this result was pointed out in Burke [2].

2.4 The M/ti/i Case. If one assumes that the service time distribution is

H(t) = I — e~~~ t 0
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some further classification is possible here . From the results of Jackson

[ 5 ] ,

a 
rI ’ ( j )  = (1- ~~~~~~~~ , j = 0,1,2 

From (2.1.1) and (2.1.2) one obtains

11(0) = q (l  — —~—)

11(j) = (1 — 
)i ) ( A

)
j l  

(p + ~2~_ ) ,  
~ = 1,2,...

3.0 Flow Processes. To further clarify the problems here , it is usef ul

t o  study the flow processes in this system . There are five processes of

interest: the arrival process; the input process; the output process; the

depart Ire process; and the feedback process.

There has been some questions since the publication of the Jackson

results concerning the interpretation of his results [1], [21. In his paper

Jackson showed that for his networks the join e limiting probability for the

vector or queue lengths at each server could be factored into limiting pro—

babilities for the queue length at each server. This implies that the queue

lengths are independent in the limit. The remarkable result was that the
.

marg i n a l  1 jul t l ug  probith l i l t  f e s  were p r e c i s el y those  of an M / M /  I queue .

Rurke [2  1 , h i ts argued  t h a t  t he  J a c k s o n  r e st i l  t s  are surprising. Burke ‘s

argument is based on showing that the inp u t  to a single server queue wi tlt

feedback Is n o t  P oisson  because  the  i nt e r i n p ut  t imes (our  I I ’ }) are  not  c x —
n

pouent iall y distributed. [2] gives t he precise result

4 i’r~ f ’ xl = i — ~~~~~~~~~ e~~
A
~ — ~~~~~~~~~ t o.

n — u — A
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In this section we will stud y some of the flows in this network and show

indeed the Jackson results are surprising. A conjecture based on these results

will be given in section 4.

3.1 Departures. The departure process {t
n
} can be studied as in Disney ,

F a r r e l l , deMorais [4] upon using the mapping in section 2.1. Thus we know

that this departure process is a renewal process and is a Poisson process when-

ever {s} is a renewal process with exponential distribution. This is the

Jackson case. So we conclude that the departure pr cce ens from the Jackson

network is a Poisson process.

From the results of section 2.1 there is a possibilit y that the

departure process is Poisson even if S is not exponentially distributed.

The result that is needed for the reaults of [4] to follow is that S ’ ben

exponentially distributed (since it is known that {s ’} is a sequence m u t u a l l y

independent , identically distributed random variables).

Theorem 3.1.1. If H(t) has a Laplace transform then the departure process

from the M/C/1 queue with feedback is a Poisson process if and only if S
n

is exponentially distributed for every n.

Proof. From section 2.1 we have C*(s), the Laplace transform of the

di o trih ittio n function 11( t )  is g iven by

- l_ p U * (s )

ibuis I f  ( :*( s)  ~ 
- 
, 5 ’ is exponenti all y distributed with a p ar a m e t e r  a

Ti+S fl

and t Ice depar L c i  r & p r o ce s s  w i l l  he a Po i sson process  f r o m  [4 1 . Thus , i i
I

a 
= 

q h i * ( s )
- 

—. ;l+~ i I ~ j dI* ( 5 )

_ _
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5 ’ is e x p o n e n t i a l l y  d i s t r i b u t e d .  Bu t  t he  o n l y  s o l u t i o n  h e r o  i s

a/H*( s )  = 
q

a/ q + s

w h i c h  implies H ( t )  is e x p o n e n t ia l .

3 . 2  O u t p u t s_ and I np u t s .  From sect ion 2 . 2  i t  is c l e ;cr  t h a t  t i le o u t p u t

process is a Markov Renewal process whose d i s t r i b u t i o n s  are g iven b y A ( I ,j . x ) .

From these , t h e  f o l l o w i n g  r e s u l t s  a re  o b t a i n ed .

‘i l ieorem 3 . 2 .  I . The o u t p u t  p r o ces s  i T  —I } in  a renewal  process  i f  aIld o n l y
- -

~~~~
-——

~~~~~
— n n—i

i f  q = 1 and 11(t) = I — e~~~~.

P r o o f .  If  q=l  and 11(t) = i~~c 7t  
t h e r esu l t f c c ]  I W O  f r o m  [ - ~] . J O se ; l r i u m e n t s  c c l i  bc -

m o d i f i e d  in a t r i v i a l  way to show t h a t  e q u a t i o n s  ( 3 . 1 )  and ( 3 . 2 )  of  t h a t  p i ~ c - r

a r e  not  s a t i s f i e d  j o i n t l y f o r  any q~~l . Thus the  o u t p u t  p rocess  is n o t  r enc - w c l .

To be more spec i f ic , theorem 3 .2 .1 can be p a r t i c u l a r i z e d  as

C o r o l l a ry  3 .2 .2 .  The o u t p u t  process  (T~ _ T 
~~ 

f o r  the  M / N / l  qu e u e  is a

Poisson p r o c e s s  if  and only if q=l .

P r o f .  D e f i n e

F ( x )  F ’ r [ T  —I ~ x l .
ii n — I

F ( x )  = Al w lic re P i s  t h e  c o l u m n  v & c t c c r i - i  i l l  c i i  w h o s e  I I I  i t s  i i -  1 , i s

t i c t  vel  t m  of l i m i t i n g  p r c i h t h i l i t i c . s g i v e n  i n  t ; c . t i i u m  2 . 3 I c r  1 t ~~~( n )  i n c h  A

i s  t l l c  u l t r i x  c i i  ~~i ,j). Then  t rc cm t h e o r e m  .~ . . . l  t i c I I ?  U fl S it t e i  5011cc -

e asy  man i p u I ; i  t i icon

X 
— k ( x — v )( 3 . 2 . 1 )  F(x) = (q - ) f I l - c  - j d b l ( v )  + ( 1 4  ) H ( x b

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~ I for any t i / G i l  queue w i t h  in s t a n t ~ini c ’us , Berno u l l i  I e e d h a c - k

For  11(v) = 1 — e F
~ , i t  f o l l o w s  t h a t

(3  2 2) F ( x )  = 1 — 

~~~~~~~~~~ 

e ~~~~~~~ X 
- 0

I l iu s  s l n g l L  in t ~~r vi l s  ~ re not  c x l c o n e n t i  i l l y  d m s t r i b m i t d w i  t h ~ i i ?  Put ~~1 55

is no t II P o i s s o n  p r o ce s s  u n l e s s  q= l

F o r m u l a  3 . 2 . 2  was p r e v i o u s l y  t ound by Burke [ 2 ]  f o r  t i l e  d i s t r i b m i t  ion  of

t i m e s  b e tw e e n  i n p u t s .  W h e t h e r  t h i s  i m p i  l e t -i t h a t  t i c t -  o u tp u t  r a n d o m  p m o c c a s

and inpu t  random process  are e q u i v a l e n t  p r o c e s s e s  cr not is not k n o wn .. One

conjectures t h a t  they  a r e .  The distribution fore! f r o m  ( 3 . 2 . 2 )  does y i e l d

C o r o l l a r y  3 . 2 . 3 .  The input process to t h e N / N / I  q l c e u t  is not i r e n e w , ]

process unle ss q = 1.

P r o o f  . Assume that t h i s  i n p u t  pr  I c c e  so is a renewa I i r c u e e s s  w i  t h j u t e  e v i l s

d i s t r i b u t e d  I to  in  t o r m u l a  ( 3 . 2 . 2 ) .  From C c o c p e r  13], t u e c i c l e c u c  l e n g t h  p m c - e o l

( n ) )  and {Q~~(n )  I sh o u l d  t hen he id e nt  ic - a l  l v , iavn ]’t c c t  i ea  1 1  v d i s t r  I b t i t e -ci  us

- 

. gi ven in se c t  i o n  2 . 3 .  U s i n g  st a n d a r d  m e t h o d s  of s t u d y i n g  Ci ‘N / I  i c l e i le a ‘nc -

f i n d s  t h a t  t ime  u n i q u e  roo t t o  t h e  s t a n d a r d  s e c u l a r  e ’ p c c t  ion , w l i  cii I c s in

(0 .1) is gic !c n by

2
a = [(‘ -I - )  — [ ( 2 p — A )  - - I 1/2 (1 .

I t  then ( c c l  I c c w n  t h a t  I Q ~~( n ) }  a n d  i~~~, ( n ) }  a re  a i v m p t  1 i c t i l  I v  i i c - i i t  j e i l l y  ~I i ~~~

r ibti t cii ii i n c h  c c n i v  i f  c1= (or p=O ) . I i i c e --i t h e  i n p u t  l r c ~~~ss 15 i t  .i I I / o W l

c i ,  ( t i l l .

I t  - -. c om:  c m h v i o u  t i i i t  3 1 c c -  i r r i v i l  p r  c t - a  mci t c c d h c ~ ~ , c c c 55 c l i  l i nt

i l c c I c ~~c c i) IIt i i t  J , m  c~ - c - - - c  - . ‘ ) t l ,  c a n  I c cw : 

~ ~~~~
. -  -~~~~~~~~~~~~~

- - --- - -
~~~~~~~--
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( r o l l a r y i .  2 A .  E i t h e r  the f e e d b a c k  process  is not  a Po isson p r o c e s s  or

t h e  a r r i v a l  p r c c c c s s  and f eedback  p rocess  are not  i n d e p e n d e n t  ; r e c c - s s e s .

P r o o f .  Th i s  r e s u l t  f o l l o w s  i m m e d i a t e l y  f r o n c  Burke ’ s r e s u l t  on t h e  d i s t r l . —

b u t i o n  of the  i n t e r i n p u t  in t .t rv i l .s  . F o r  i t  t he  f e e d b a c k  proc ess is c t  (1

i ndependen t of t h e  a r r i v a l  p rocess  and is i t s e l f  a P o i s s o n  p r o c e s s . t h e

i n p u t  n r c - c  st -i is P o i s s o n .  Thus  B u r k e ’ s res u l t  c o n t r a d ic t s  the  c s s u l f l ] ’ t i o i l .

3 . 3  ~~~~~~~~~~~ t u e  f e e d b a c k  s t r e a m  see m s  to’ he q u i t e  d i f f i c u l t  to  w c rk w i t h

F rom t h e  p r e v i o u s  s e c t i o n  we know t h a t  i t  is ci t i t e r  not  i n d e p e n d e n t  of the

a r r i v a l  s t r e a m  or not  a Poisson s t r e a m .  Wi c o nj e c t u r e  t h a t  bo th  of t h o : - e

c o n d i t i c c n s  p r e v a i l  . I f  Sc) t hen  the known s u p e r p o s i t i o n  t h e o r e m s  c a n n o t  he

USi t tic st u d y f e e d i c i c  ks as p a r t  01 the  a r r i v a l  , feedback , input processes

T r e a t i n g  the  f e e d b a c k  s t r e a m  as a f i l t e r e d  ve r s ion  of t h e  Markcw r e n e w c l

o c t p c .lt st r e an l  a pp e a r s  t o be q u i t e  d i f f i c u l t .  The on ly  r e n d ] t f o r  t h i s  ( e e c - i —

b ;ic k st rc cm t l i i i  wi have  is g i  ve i l  by t he  fo l  l o w i n g  1 1 1 1 1  ‘. 5 1 5  -

Co n s i d e r  t i c e  p r - h a h i l  it’.’ t h a t . a s equence  of n s e r v i c c .- t imes takes l e a S

t h a n  t , g i v e n  that wi star t w i t h  i c u s t o m er s , F~~( t ) .  Le t  H n (~~) be t h e  d i a t r i —

b u t  i o n  f u n e t  c i i  c c l  I cc sum ccl n serv  ice t l i l i e s .  E i t h e r  the  f i r s t  busy p e r i o d

I _ r m i n a t e s  t h  one cci thes i  c l — L o n e r s  , or  i t  d c - s  n t  . h i t s

n — i  n i — i
F~~( t )  = ~ ~t 1 

c ~ (~~ Z )  
ffl m ( ) 11 n n 1

( )

m o fl ( r n — i > !

c Pr  I n — t b  - cc - - i l t i  - r i t ; ; c  v e c i  d m i r  I t i c  t I c e  I i i s  t I , ;  p e e l  cccl oid

— 

he I n r c I i l l / c  t 1

l o t n - 1 .

c I t  h i e r W h ~~~~, 
11

( t )  = P r I n — t h  eiiSt F c - T  ,c rvc cl i cy  t iTht m l  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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l e t  . ( t )  he t h e  prob ab il I tv  t h a t  a f e e d b a c k  o c c c i r s  b e f o r e  t i m e  t • g i v e n  t h e

q u e u e  length just after a feedback was i.

Then

t -
~ n-l - rn - i

f .(t) = ~ pq~~~
1 f

~ 
dlI
n
(Z) - ~ j

t 
~ ~~~~~~~~~~~~ dH m ( Z ) H

m m (~~_ Z )
n—l n=i-t- l rn— i

+ 
~ ~ 

7u q
n 

~ e~~~ (~~~~~! 
dll

n
(u) ~e 

( z )  
- ( t — u — z )

n=i u 0  z=0 .

‘~ .0 Conclusions . There are several conjectures that one can po sc c o n c e r n —

ing Jackson networks based on the  results of this paper. First with respect

i
i 

t c c queue length , busy period and departure processes if one adopts the  “out-

siders” view [3] these processes appear to be those generated by an ti/C l

queue without feedback. However , if one adopts the “insiders ” view the queue

length process does not appear to behave as seen by the “outsider ” .

Flow processes in this network cannot be explained by appeal t c c  supe r-

position , departure and random deletion results for Poisson processes. The

r e q u i s i t e  independence  a s s u m p t i o n s  bo th  w i t h i n  and b e t w e e n  s t r e a m s  of events

a r e  not  s a t i s f i e d  here . Thus one canno t  assume t h a t  t h e - s c -  c i d l e d c e s  w h i c h  ac t

• ‘‘ is ii ’’ they were  M / M /  i q d l i m l e s  t c c  t i l e  ‘‘ ou t s i der ’’ a r e  N / t i  / 1 q cicues t ci t h e

us i d e r ’’ . In p a r t i c c i  I ar  , t i c  i s h i n t s  ;it t lie p c c ss  i h I I i t  v t h a t  i n t i c - a c  T i e  t —

s r  k - , c - v e i l  i s  s i i m i j c l c  ;i s Jackson n e t w i c r k s  , c c i v  :i t  t e m p t  t i c  c l c c c c n i l c c c a c  t l i e  c e t —

w c r k  I 1 1 3 c c  i m i d & p cn d i - n t  N / M i  I c_p ieties is dcco mmi e cl t c I i i  h i m  c - l i i i  s de c - c c c i c l c c t  i t  i c c n

c i  - - I - d c - i i n  t f o  i t l ie  I n t  er i l i I I l o w s  - m d  t i i e ! /c  n o t  cci i i y ; i p p c :i r t ci li e non — b c ’  I

~~ c c v  : l lm ic e ; i  r t i c  he n o n - - r e n e w / c  I a m i d  a r c  c t e p c n c i c n t  c c l i  c~~i c h  c cl hic r

We c c c n  l e c t c r c , based on c u r r e n t  p a p c i- i ~il C c c  55 . t b i m t  i t  c c r

ii  ; c miie  i a nd  n O , i l l  t h e l i o k t c c c n  s t r u c t u r e , 1 0 + - n  I l c c w  t i c u i g  any ‘ 1 1 1 1  ( h i t  m e t c i m o  -

_ _  a---- _ _ _ _ _
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a cus tome r t c - c a node t ha t  he has p r e v i o u s l y  v i s it e d  is not  o n l y  not  P o i s~~cn

I t i s  not  r enewal .  Thus , if J ackson  ne tworks  have loops , d i r e c t  f e e d ba c k  is

in this p a p e r  b e i ng  the simplest example , they canno t be decomposed into sub—

n e t w o r k s  c c l  s i m p l e  ti/ti/I servers.

i n  p a r t i c u l  or , these  r e s u l t s  p r o b a b l y  i m p l y  t h a t  a w i d e — b y — n o d e  a n t I  V S  15

o f  w a i t i n g t i m e s , de p e n d i n g  as t hey  d c c  on the  c c i c _ 1 s i d e r s c
~ view is not  ‘.al  id i f

one simply uses tIM/i results at each sc--rver.

That  these queues w i t h  f e e d b a c k  are f a r  from trivial i s  c l e a r .  Cons i d e r c ’ l v

mo re research is needed to t ho roug hl y u n d e r s t a n d  w h a t  e f f e c t  f ee dba ~-k has on

queucing netwo rks. 

-—  ~~~~~~~~~~- -~~~--
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